1. Let m be a positive integer, x = X(n) a character modulo m and L(s, x) the corresponding Dirichlet L-function. Landau, Littlewood and, more recently, Paley' observed a remarkable analogy between the behavior of Riemann's c(s), for variable s = a-+ it and t -* oo. and that of L(s, x), for variable x and ain --> O.
Their results are concerned with estimates and averages of the alb)SoluLte valule of these functions. In the present paper wve shall develop an analogy to some known theorems about the distribution of the zeros of s(s).
Suppose m > 15 and introduce the abbreviations log m = ml, log log1m = M2, log log log1m = M3, so that m3 > 0. The number of characters x, for any given m, equals h = (p(m) = m HI (1 -pal) pim It is well known that the product (1) P(s) = Pm(s) = (s -1) ]I L(s, x) x is an entire function of s which has all its zeros in the half-plane a < 1. Throughout the whole paper, To denotes an arbitrarily large fixed positive constant; moreover, cl, ... , c8 are certain positive numbers which depend only upon the choice of To. THEOREM I: If mY' < 6 < 2, then the number of zeros of Pm(s) in the rectangle 2 + < o-< 1,-To < t < Tois less than c,3'ml25h.
As an immediate consequence of Theorem I we have THEOREM II: If m > C2 , then at least one of the h functions L(s, x) has no zcrc in the rectangle ' + ImY'm3 < a-< 1, -To < t < To.
The two preceding propositions deal with rectangles in the half-plane a-> 2. In the following results the rectangles contain a segment of the critical line Since P(s) = P(s), we infer from Theorems I, III and the functional equation of L(s, x) that at least one of the h functions L(s, x) has a zero in the rectangle <2'+m~', < t < T2, provided T2-T,> c4mij and -TTo < T, < T2 < To Consequently every point of the critical line a = 2 is a limit point for the set of the zeros of all L(s, x), with variable m and x. 410 CARL LUDWIG SIEGEL THEOREM IV: Let -To < T1 < T2 < To, T2 -T1 > 4m31 and m > Cr; then each function L(s, x) has a zero in the rectangle 1 < a < 1, T1 < t < T2.
It follows from Theorems II and IV that there exists a subset of the functions L(s, x), for variable m and x, whose zeros cluster exactly towards all points of the critical line.
Our propositions estimate the number of zeros of the h functions L(s, x), as m -oo, in certain rectangles lying in a fixed bounded domain of the s-plane; they are the counterparts of known theorems concerning the Riemann zetafunction, where To -* oo. In particular, Theorem I corresponds to results of Bohr and Landau, Carlson, Littlewood, and Theorem III to a formula of Riemann and von Mangoldt; Theorem IV is the analogue of a theorem of Littlewood2 and Hoheisel.3 It is clear that it suffices to prove the theorems under the further assumption To> 1.
2. Let q be a positive integer, (m, q) = 1 and define
00
(2) gk = gk(s) = (k + nm)' (k=1, *,m; a> 1).
The Mobius function .1(l) satisfies the equations 22, pp. 234-242 (1925) .
3 GUIDO HOHEISEL, Der Wertevorrat der r-Funktion in der N4he der kritischen Geraden, Jahresbericht der Schlesischen Gesellschaft fur vaterlandische Kultur 99, pp. 1-11 (1926 J7m-rI (r-X +M-T) + J(r + t) frd < i(3 + rt r-+ lm--1
It follows that the function
is regular in the half-plane a > 0 and satisfies there the inequalit-
It remains to determine a simple upper bound of the last sum considered as a function of q. For a later purpose we investigate the more general expression r -w(
Furthermore, log ;\q(0) = i' log 2 -log-p log 2
for any given constant 'yj > log 2. In all following estimates the symbol 0 refers to the passage to the limit m -x o, and these estimates hold uniformly with respect to all variable parameters. We define YI = log 2 +1(1-log 2) (1 = 1, 2, 3), 4 so that log 2 < a1 < 72 < 73 < 1-In virtue of (4), (8) we have the formula by (9). On the other hand, let x = x(n) be a character modulo m and
the corresponding L-function; plainly, L(s, x) is related to the more general function (12)
by the formula
Plq
Using the abbreviations
we obtain, by (2), (3), (10),
say, where i(x) = hQ in the case of the principal character x = xi and ,B(x) = 0 otherwise; the last formula holds in the half-plane a > 0. We now introduce all h characters modulo m and apply the inequality of the geometric and arithmetic means; then, by (14), in view of + < 1 for a > 0, (1 -2a-)ml + log (1
The other important case is q = II P = ql, 
Since, for a-> 12 and (24), (27), (28), (29) imply the formula B(p) log p-l = 2(mj') + C' m2 m-2o(h) (O < p < 1).
In view of (1), (13) This is the assertion of Theorem 1. Let M3> 2 and m3 > 2c1; then the number 6= 2m2m3 satisfies the condition M2n <6 < 2 of Theorem I. Consequently, the number of zeros of P(s) in the rectangle 1(1 + mjlm3) < a-< 1, -To < t < To is less than c1-ml 28h -2clmsTlh < h, so at least one of the h functions L(s, x) has no zeros in this rectangle. This proves Theorem II. log rm (s) I < Em1 -1Np-f' < h E 1-1 p-l = h log t(a).
lP
In particular, this holds on a 3, and it follows, because of (31), (32) 
~~~2 .P (so) P(so -2Ti)Jf Plainly, g(so) = 1, and g(s) is real on t = T, viz., equal to the real part of P(s)/P(so).
If C denotes the number of zeros of g(s) on the segment -, t = T then the variation of arg P(s) on this segment satisfies the inequality I I{P(s)} I < T(C + 1), whence (36) A = A {1(s)} = A {(27r) (h/2)8 D8/2 (h/2)8 -s} -{R(s) } + 0(h) + O(C).
Applying (7) and the inequality log(1 -z)Y1 I < log(1 -z I)-' < (1-z I)-'log(1 + I)
we obtain
6. In order to estimate the number C, we apply Jensen's inequality (24) with
Obviously, f(z) is regular forI z _ 1, and f(O) = g(so) = 1. Since log P(so) = j log L(so, x) = Z lX(Pl)P-08
we conclude from (18), (35), (38) Because of (33), (34), (36), (37), we obtain On the other hand, all zeros of A/(s) lie in the critical strip 0 < a-< 1; therefore Ao(T) equals the number of zeros of P(s) in the rectangle 0 < a-< 1, -T < t < T. We apply (39) for T --* 0 and use the formula P(9) = P(s); it follows that the number of zeros of P(s) in the rectangle 0 < cr < 1, 0 < t < T has the value 3Ao(T) + m2/3 0(h) = -mIhT + m2/30(h). This is the assertion of Theorem III.
7. For the proof of Theorem IV we use the following lemma; it is somewhat simpler than a related proposition involving elliptic functions which was introduced by Littlewood and Hoheisel in their above-mentioned publications. Gonsequently, in virtue of (41), for -1 < a _ 2 and T, < t < T2, log L(+ x) -log I L(1 -,x) + log s +a (s + a)r(,(s + a)) m + (2 -a) log m < 0(ml).
7r
We conclude that the latter estimate holds good in the whole rectangle -1 aT _ O, T1 < t < T2, and we may choose M = c8m1.
Plainly, Since 27r/7 < 1, formulas (42), (43) contradict the lemma, provided m is sufficiently large. This proves Theorem IV. It is easily seen that the essential properties of the quantities oo and 6, in the last proof, are the inequalities Go > 1 and 'm3 > (2oo -1)7r. This leads to the following slight refinement of Theorem IV: Suppose -To < T1 < T2 < To, a> 7r and T2-T1 > am-'; if m is larger than a certain number depending only on To and a, then L(s, X) possesses a zero in the rectangle "1 < a < 1, T1 < t < T2.
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